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Spatial Multi-Mode Structure of Atom-Generated Squeezed Light
Mi Zhang,1 R. Nicholas Lanning,2 Zhihao Xiao,2 Jonathan P. Dowling,2 Irina Novikova,1 and Eugeniy E. Mikhailov1, ∗
1

Department of Physics, College of William & Mary, Williamsburg, Virginia 23187, USA
2
Hearne Institute for Theoretical Physics and Department of Physics & Astronomy,
Louisiana State University, Baton Rouge, Louisiana 70803, USA
(Dated: December 21, 2015)

We investigated the spatial distribution of quantum fluctuations in a squeezed vacuum field,
generated via polarization self-rotation (PSR) interaction of an ensemble of Rb atoms and a strong
near-resonant linearly polarized laser field. We found that the noise suppression is greatly effected
by the transverse profile of a spatial mask, placed in both the squeezed field and the local oscillator,
as well as its position along the focused beam near the focal point. These observations indicate the
spatial multi-mode structure of the squeezed vacuum field. We have developed a theoretical model
that describes the generation of higher-order Laguerre-Gauss modes as a result of PSR light-atom
interaction. The prediction of this model are in a good qualitative agreement with the experimental
measurements.
PACS numbers: 42.50.Lc, 42.50.Nn

I.

INTRODUCTION

The ability to control the spatial mode composition
of optical fields promises practical applications for many
quantum technologies [1]. For example, multi-mode
squeezing and entanglement can be used for quantum
imaging [2, 3], quantum information multiplexing [4, 5],
hyper-spectral encoding, etc. At the same time, the presence of several spatial modes may be detrimental for
quantum-enhanced measurements [6]. If the quadrature
angle, corresponding to the maximum quantum noise
suppression, is different for different spatial modes, the
overall detected noise may be increased, even if each individual spatial mode is squeezed. However, if the proper
mode structure is identified, it may be possible to extract
a single squeezed mode and eliminate others by means of
an efficient spatial mode sorter [7] or to tailor the apparatus [8] to further boost the signal-to-noise ratio (SNR). In
this way, we would be able to produce single, maximally
squeezed, higher-order modes upon demand.
In this paper, we investigate the spatial properties of
the resonant optical field after interaction with dense Rb
vapor under the conditions for polarization self-rotation
(PSR) [9–11]. It is known that in the case of a linearly
polarized input field, the noise in the orthogonal polarization is modified, leading to the generation of squeezed
vacuum [12–14]. Several experiments demonstrated up to
3 dB of quantum noise suppression with this scheme [15–
17]. It is still an open question why better quantum noise
suppression cannot be experimentally achieved, in contrast to the predictions of the theory [12, 18, 19]. Here
we present a study of the spatial mode structure of the
output optical fields in the PSR squeezing process, that
gives strong evidence of its multi-mode nature. In particular, we carried out a simple sorting of the spatial
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modes, elucidating the mode structure of the pump and
the squeezed field. Furthermore, we developed an intuitive theoretical description of the higher-order spatial
modes that qualitatively agrees with the experiment.

II.

EXPERIMENTAL APPARATUS

The experimental setup for squeezing generation, depicted at the Fig. 1, is similar to the one used in our
previous experiments [20]. An extended cavity diode
laser was tuned by approximately 100 MHz to the red
of the 52 S1/2 , F = 2 → 52 P1/2 , F 0 = 2 transition of
87
Rb (λ ' 795 nm). The laser output was spatially filtered by passing it through a single-mode-polarizationSqueezer
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FIG. 1.
(Color online) Experimental setup. SMPM is a
single-mode polarization-maintaining fiber, λ/2 is half-wave
plate, GP is Glan-laser polarizer, PBS is a polarizing beam
splitter, PhR is a phase-retarding wave plate, and BPD is
a balanced photodetector. In the experiment a mask was
inserted either in the collimated beam (a) or in the focused
beam (b).
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III. SPATIAL PROPERTIES OF THE
COLLIMATED SQUEEZED BEAM

All previous experimental and theoretical analysis of
PSR squeezing assumed an identical single spatial mode
for both the strong pump and vacuum fields, with either
fundamental Gaussian [15, 17] or Laguerre-Gaussian [20]
transverse profiles. However, as we show below, the spatial composition of the squeezed field mode is more complex.
In order to investigate the spatial property of the
squeezed field, we inserted different radially symmetric
spatial masks into the collimated beam after the Rb cell
(shown in Fig.1(a)). We classify the beam masks as irises
or disks, depending on whether they block the outer or
inner part of the laser beam. We used an adjustable
iris, and a set of fixed sizes disks. These masks were inserted into the collimated part of the laser beam after
interaction with the atoms, making sure that the masks
are properly centered. Since the masks reduced the LO
power, we carefully recalibrated the shot-noise level for
every mask and adjusted the phase retarding plate to
track the maximally squeezed and anti-squeezed quadrature noises.

Noise Level (dB)

12

Noise Level (dB)

maintaining (SMPM) fiber, linearly polarized using a
Glan-laser polarizer (GP) and focused into a 7.5 cm long
cylindrical Pyrex cell with isotropically enriched 87 Rb vapor and no buffer gas. The waist of the focused beam (diameter 100 µm at 1/e2 intensity level) was located 6.5 cm
from the front of the cell. The cell was mounted inside
three layer µ-metal magnetic shielding, and maintained
at a constant temperature of 66◦ C, corresponding to a
Rb density of 5.4 × 1011 cm−3 .
The interaction of a strong laser field with the 87 Rb
vapor modifies the vacuum fluctuations in the orthogonal polarization. In order to measure quadrature noise,
we rotated the polarization of the two fields by 45◦ and
mixed them on a polarization beam splitter (PBS) before sending them to a balanced photodiode (BPD). We
thus realized a homodyne detection in which the strong
laser field served as the local oscillator (LO) [15, 17].
The relative phase (quadrature angle) of the two fields
was adjusted by tilting the phase-retarding (PhR) plate
(a birefringent quarter-wave plate with a crystal axis set
parallel to the LO polarization). All the measurements
reported below were performed at 1 MHz detection frequency with 100 kHz resolution and 30 Hz video bandwidths. To calibrate the SQL (Standard Quantum Limit,
i.e., shot-noise) level, we inserted an additional PBS into
the beam after the cell, which reflects the squeezed field
and passes only the LO field. We detected noise suppression of 1.9±0.2 dB below the SQL level in the maximally
squeezed quadrature and 11 dB of anti-squeezing in the
orthogonal quadrature (see Fig. 2 at 100% transmission
level), which is quite typical for these kinds of atomic
squeezers.
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FIG. 2. (Color online) Measured minimum (diamonds) and
maximum (circles) quadrature noise when the laser beam is
partially blocked by (a) an iris mask, (b) a disk mask, (c,d)
the combined masks, formed by both iris and the disk. For
all measurements the horizontal axis indicates the fraction
of LO intensity, transmitted through the mask. In (c) the
central disk alone blocked 8% of the LO power and in (d) the
power loss was 25%. Dashed and dotted lines indicate the
prediction of the single-mode model, described by Eq. (1).
The zero of the vertical axis corresponds to the shot-noise
noise level .

The modifications of the quantum noise by different
types of masks are presented in Fig. 2. Based on a singlemode description of the optical field, one would expect
the changes in the detected quantum noise in all cases to
depend only on the total optical transmission T , and to
be accurately described by the beam-splitter expression:
SqVout = 10 · log10 [T · 10SqVin /10 + (1 − T)],

(1)

where SqVin,out are the quadrature noise measured in
dB before and after the mask. Clearly, the experimentally measured noise values deviate significantly from the
naive expected dependencies; shown in Fig. 2 as dashed
and dotted lines, indicating non-trivial spatial correlations [21, 22]. For example, even small losses of about
10% (for the iris mask) and 30% (for the disk mask) bring
the squeezed quadrature noise significantly above shot
noise. Moreover, for the disk mask, even at small transmission (T < 5%), the quantum noise in both quadratures is more than 5 dB above shot noise, see Fig. 2(b).
In contrast, Eq. (1) predicts that in all cases we should
expect the noise to approach the SQL monotonically from
below, never exceeding the shot noise level.
To gain additional insight about the spatial distribution of the squeezed vacuum field, we looked at the noise
of a ring-like slice of the laser beam. To do this we constructed a mask consisting of a fixed size opaque disk
and a variable size iris. Fig. 2(c,d) represents modifications of transmitted quantum noise by such masks where
the fixed disk sizes are characterized by 8% and 25%
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blockage of LO power. Again, Fig. 2(c,d) shows that we
were not able to improve the measured noise suppression below that of the unobstructed beam, even though
the anti-squeezing noise followed the uniform loss model
much better. Perhaps, such combined masks were able
to block especially noisy spatial modes.
The above observations suggest that the generated
squeezed field consists of several spatial modes, some
of which are “noisier” than others. These modes are
expected to be radially symmetric due to the cylindrical symmetry of our setup. The higher-order LaguerreGaussian (LG) modes [23] are thus natural candidates to
use for the decomposition of the LO and the squeezed
beam. Such models are written as:
√
2z
r2
− ikr
Cl,p − w(z)
2r |l|
2
2(z 2 +z 2 )
R
e
ul,p (~r) =
e
w(z)
w(z)
,
(2)
2r2  ilφ i(2p+|l|+1) arctan(z/zR )
|l|
× Lp
e e
w(z)2
where l is the azimuthal
p index and p is the radial index
for each mode, Cl,p = 2p!/π(|l| + p)! is a p
normalization
constant, w0 is the beam waist, w(z) = w0 1 + (z/zR )2
|l|
is the width of the optical field, Lp are the generalized
2
Laguerre polynomials, zR = πω0 /λ is the Rayleigh range,
and k = 2π/λ is the wave number. Because of the conservation of the optical angular momentum, we expect
that only the modes with l = 0 can be generated via the
PSR process.
IV. SEMI-CLASSICAL THEORY OF THE
SPATIAL MULTI-MODE GENERATION

Since the previous theory [12, 18] was performed in
the plane-wave approximation, we develop a model that
accounts for the possibility of the higher-order spatial
modes. Treating the light classically, we start with the
inhomogeneous wave equation
∇2 E −

1 ∂2E
1 ∂2P
=
,
c2 ∂t2
0 c2 ∂t2

(3)

where P = N
d̂i is the polarization induced in the
V hP
medium, hd̂i = m,n µmn ρmn is the expectation of the
dipole operator in an atomic level basis {|ni}, and µmn
are dipole moment matrix elements. We use the density
matrix expression for the polarization, along with the
slowly varying envelope and paraxial wave approximations, to transform Eq. (3) into a propagation equation
in terms of the envelope functions Ẽ and ρ̃:
(

∂
i 2
ik N X
−
∇⊥ )Ẽ =
µmn ρ̃mn .
∂z
2k
20 V m,n

(4)

Next we apply a simple model in which we treat the D1
line of 87 Rb as a double-Λ scheme[24]. We treat the input field as a superposition of two circularly polarized

fields characterized by Rabi frequencies Ω+ and Ω− , corresponding to right- and left-circular polarizations. We
solve for the density matrix elements, and since our pump
field is in fact linearly polarized, we convert to the linear
polarization basis and distinguish the propagation equations for the two envelope functions in terms of the Rabi
frequencies:
L̂ Ωx,y = −2κΩx,y

|Ωx,y |2
|Ωx,y |2
(γ
+
2i
)
0
|Ω|4
∆

(5)

∂
i
where L̂ ≡ ( ∂z
− 2k
∇2⊥ ), k is the wave number, κ
is the coupling constant, γ0 is the decay rate, |Ω|4 ≡
(|Ωx |2 + |Ωy |2 )2 , and ∆ is the detuning. We further note
that Ωy is the Rabi frequency of the y-polarized pump
field and Ωx is the Rabi frequency of the x-polarized vacuum field. The homogeneous equation solved in cylindrical coordinates yields the LG family of solutions ul,p (~r),
given by Eq. (2). We obtain the mode structure of the
output beam by avoiding a numerical calculation and
proceeding with a weak scattering approximation in the
following way. We assume Ωx,y on the right-hand side
(r.h.s.) of Eq. (5) take the form of the input modes, i.e.,
Ωx,y → ε0x,y u0,0 (~r), |Ω|4 → ε4y , and use the fact that
ε0x  ε0y to simplify Eq. (5):


ε0x,y
L̂Ωx,y = −u0,0 (~r) κγ0 0 2 u0,0 (~r)∗ u0,0 (~r)
|εy |

κ 0
+i εx,y (u0,0 (~r)∗ u0,0 (~r))2 .
∆

(6)

In this approximation we can regard the r.h.s. of Eq. (6)
as the source of the Rabi frequency on the left-hand side
(l.h.s.) of Eq. (6), and with this observation we define the
appropriate sources ρx and ρy to simplify the notation,
i.e., we transform Eq. (5) into L̂Ωx,y = ρx,y (~r). We can
now use a Green function method [25] to write an integral
expression for Ωx,y :
Z
Ωx,y = r0 dr0 dφ0 K(~r |~r 0 )Ωhomo
r 0)
x,y (~
Z
Z
(7)
+ dz 0 r0 dr0 dφ0 G(~r |~r 0 )ρx,y (~r 0 ),
where Ωhomo
r 0 ) = homo
r) represents the portion
x,y (~
x,y u0,0 (~
of the beam passing through the cell unaltered, K(~r|~r 0 )
is the propagator, and G(~r|~r 0 ) is the Green function for
Eq. (6). An adjustable parameter, related to the absorption and properties of the cell, characterizes the relative strength of ρx,y to Ωhomo
r|~r 0 ) and
x,y . Thus, once K(~
0
G(~r|~r ) are known the problem is solved. The most effective way to write the propagator (and consequently the
Green function) is in terms of the LG modes. We define
the propagator and Green function accordingly:
XX
K(~r|~r 0 ) ≡
u∗l,p (~r 0 ) ul,p (~r),
p
(8)
l
G(~r|~r 0 ) ≡ Θ(z − z 0 )K(~r |~r 0 ),

4
where Θ is the Heaviside step function.
We further utilize the LG modes with an expansion of
the sources ρx,y :
XX
ρx,y (~r) =
cl,p ul,p (~r),
l

Z
cl,p (z) =

p

(9)

rdrdφ u∗l,p (~r) ρx,y (~r).

We pause to point out that, since the propagation equation inherits no φ dependence from either the atoms or
the input fields, the beam solutions will be limited to
l = 0 modes. This is clearly seen through the integral
for the cl,p coefficients by noting ρx,y = ρx,y (r, z) and
separating the φ phase from the LG mode:
Z
Z 2π
∗
cl,p (z) = rdrρx,y (r, z) ul,p (r, z)
dφ eilφ . (10)
0

As one can see, the φ integral vanishes for l 6= 0. The
beauty of this approach is that, as a consequence of the
orthogonality of the LG modes, we are able to find an
analytic solution which retains the mode structure of the
field. Using (8−10) in (7) we arrive at the final solutions
for the Rabi frequencies in the weak scattering limit:
Z
X
homo
Ωx,y = Ωx,y (~r) +
u0,p (~r)
dz 0 c0,p (z 0 ).
(11)
cell

p

One can perform these integrals with ease and our calculations show that the summation converges rapidly for
p ≤ 5. Now, we proceed by introducing a new experimental investigation which can expose the complicated
LG phase structure predicted by the preceding theory,
and hidden in the beam mode structure.
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The phase factor (2p + |l| + 1) arctan(z/zR ) of the general LG mode (Eq. (2)) is referred to as the Gouy phase,
and is responsible for a phase shift immediately around a
beam focus. If our LO and squeezed field do in fact have
a mixed LG structure, then we should observe asymmetries about such a focal point; otherwise, the beam will
have a simple Gaussian profile on both sides of the focus. Referring back to Eq. (11), we see that the semiclassical theory predicts a mixture of 5 different Gouy
phases. Therefore, we built a one-to-one telescope to
create an extra focal point and displaced the iris mask
down the telescope to investigate the LG structure. The
modified setup is depicted in Fig. 1(b). As we moved the
iris along the beam, we change its size to maintain the
same transmission of the LO beam, i.e., we kept the same
ratio of the iris radius and the w(z). Therefore, our data
is mostly effected by the different Gouy phase change in
different spatial modes. We tracked the quantum noise
in the maximally squeezed quadrature versus position of
the iris. As one can see in Fig. 3, the quantum noise
changes very drastically as the iris is moved right around
the focal point. In the case that the iris size is large
enough to allow high transmission, we see that the noise
level does not change much as the iris is moved along
the beam (see Fig. 3(d)). On the other hand, as transmission of the mask decreased, the noise in the squeezed
quadrature went above shot noise (see Fig. 3(a, b, and
c)). Perhaps the most surprising is the noise dependence
for the 75% transmission mask (see Fig. 3(c)), where one
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FIG. 3.
(Color online) Minimum quadrature noise vs. a
variable iris position. The iris size was adjusted to maintain
constant transmission of the LO beam for each trace as depicted in the legend: 55% (a, circles), 70% (b, squares), 75%
(c, crosses), and 95% (d, plus signs).

FIG. 4. (Color online) Comparison of the experimental and
theoretical (left and right column) dependencies of the LO
beam transmission (top row) and the squeezed field minimal
noise power (bottom row) on the iris position for several fixed
iris sizes. The legend denotes the peak transmission for each
iris. The Rayleigh range is ZR =2.5 cm. To calculate transmission and noise power, we used Eq. (11) and Eq. (1).
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can see a very sharp drop of the noise into the global
minimum around z=1 cm, where it is squeezed below
the shot-noise level. Similar but less pronounced behavior can be observed for the 70% transmissive mask (see
Fig. 3(b)).
For the same setup (see Fig. 1(b)), we mapped the
transmission and minimum noise curve vs. the position
of irises with fixed diameters, as shown in Fig 4. The
transmission of LO exhibits some degree of asymmetry.
The position of the maximum transmission shifted as we
varied the iris size (see Fig. 4(a)). For the irises with 93%
and 86% peak transmission, there are more than one local minima. We use Eq. (11) to predict the transmission
level of the two LO field (see Fig. 4(b)) and it is in a qualitatively good agreement with our experimental data (see
Fig. 4(a)). We would like to again emphasize, that it is
the interplay of Gouy phase shifts in the mode superposition (Eq. (11)) that create this peculiar dependence on
the iris position around the focal point.
Based on the beam splitter model (Eq. (1)), we calculate the expected minimum noise as in Fig. 4(d). In
the theoretical plot, the noise is always lower than shot
noise since the model does not take into account the excess noise. But, we can still compare it with Fig. 4(c)
and find the overall behavior is quite similar. In both
plots, the minimum in the noise power traces shift to the
right, i.e., farther from the cell as the iris size shrinks.
The qualitative agreement of these plots is further evidence of the LG structure of the squeezed vacuum beam.
A more rigorous description necessarily requires a quantum treatment of both the light-matter interaction and
the interaction with the spatial masks. Therefore, we
next develop a simple second quantized theory that incorporates the LG structure of the semi-classical beam
and predicts the distribution of the quantum noise for
the individual LG modes.

VI.

MULTI-MODE QUANTUM NOISE
CALCULATIONS

We now extend our previous semi-classical treatment
of the multi-mode light-atom interactions to develop a
second quantized theory that predicts the underlying
modal structure of experimentally realized squeezing. At
the first glance, one can think that our homodyne detection scheme is immune to any spatial mode structure
modifications since the strong field, used as the local oscillator (LO), also passes through the vapor cell, so any
spatial profile distortion are shared by both the squeezed
optical field and the local oscillator. However, we still
need to take into account the mode structure. Even if the
overlap between squeezed modes and the local oscillator
modes is perfect, distinct modes are going to contribute
into the measured noise level differently. Therefore, to
predict the resulting measured quantum noise, one must
first predict the squeezing parameters for each of the vacuum mode, and then, using the semi-classical solution for

the LO, simulate the results of the homodyne detection.
We proceed with the conventional single mode second
quantization procedure, modifying it along the way to incorporate the higher-order LG mode structure. It is commonplace to represent the atomic polarization by a power
expansion in the applied electric field strength E [26]:
P =

∞
X

P (n) = 0 (χ(1) E + χ(2) E 2 + χ(3) E 3 + ...). (12)

n=1

Typically, in the plane wave approximation, one would
define the nth order susceptibility as χ(n) = P (n) /0 E n
[23]. However, in the paraxial approximation, special
care must be taken since the electric field is confined to
the beam axis. We reduce the electric field and polarization to z dependence by integrating over a slice of the
vapor cell perpendicular to the light beam. This is necessary, since the electric field dies off rapidly in r, and
valid, since we are well within the validity of the paraxial
approximation, i.e., each modes transverse profile simply rescales with z. Thus, from this point forward we
are careful to distinguish the strictly z-dependent electric field and polarization
Z
P (z) =
rdrdφP (r, φ, z)
cell
Z
(13)
E(z) =
rdrdφE(r, φ, z).
cell

Now that we have carefully chosen this representation,
we may define the nth order susceptibility as
χ(n) ∝

P (n) (z)
,
E n (z)

(14)

where P (n) (z) is the nth order polarization in response of
the input field E(z). Then we further expand the optical
polarization in terms of the LG modes:
X
P (3) (r, φ, z) =
cl,p ul,p ,
(15)
l,p

where cl,p = rdrdφ u∗l,p P (3) (r, φ, z). Motivated by this
expansion, we introduce the accompanying LG susceptibility for each LG mode:
R

(3)

(3)

χl,p (z) ≡

Pl,p (z)
E 3 (z)

,

(16)
(3)

where we define the LG polarization Pl,p (z) ≡
R
rdrdφ cl,p ul,p . In this representation, the LG suscepcell
tibility not only carries information about the LG spatial structure, it can be interpreted as the mechanism for
“cross-talk” between the Gaussian pump and the vacuum
LG modes during the non-linear interaction. Therefore,
we define an interaction Hamiltonian density following
the prescription of Ref. [27]:

(3)
2
Hl,p ∝ i~ χl,p (z) â2l,p b̂†2 − â†2
(17)
l,p b̂

6
where âl,p is the l, p spatial mode operator of the vacuum
and b̂ is the pump input mode. Thus, the full interaction
Hamiltonian is
Z
X
H∝
dz
Hl,p .
(18)
cell

l,p

We proceed by assuming the y-polarized pump mode is
an undepleted coherent state and make the substitutions
b̂ −→ βe−iωp t and bˆ† −→ β ∗ eiωp t . This leads to the
evolution operator
hZ
i
X
∗
U = exp
dz
(ηl,p
t â2l,p − ηl,p t â†2
)
(19)
l,p
cell

l,p

where we define the overlap integral Op as
R ∗
Ω φp d 3 r
Op ≡ qR LO
,
|ΩLO |2 d3 r

(25)

ΩLO is the local oscillator, and φp is the spatial function
of the pth mode (in this case simply the u0,p LG mode).
To visualize these results we use the squeezed vacuum
Wigner function; labeled here for each l, p mode,
h
2
exp − (y 2 + x2 ) cosh rl,p
π
i

2
2
+ (x − y ) cos θl,p + 2xy sin θl,p sinh rl,p .
Wl,p (x, y) =

(26)

(3)

where ηl,p ≡ χl,p β 2 . Next, making the substitution
Z
ξl,p ≡ 2
dz ηl,p t ≡ rl,p eiθl,p
(20)
cell

we transform Eq. (19) into the form of the familiar
“squeezing” operator with the addition of the LG indices [28]:
i
hX 1
∗
(ξl,p
â2l,p − ξl,p â†2
)
(21)
Ŝ(ξ) ≡ U = exp
l,p .
2
l,p

Using quantum state tomography, we have reconstructed the Wigner function for our squeezed vacuum
state (Fig. (5a)). This Wigner function corresponds to
noise suppression of 1.9 ± 0.2 dB below the SQL level in
the maximally squeezed quadrature (the best suppression
we were able to achieve in our experimental geometry),
a modest amount of squeezing compare to the predictions of the single-mode theory [12, 18, 19]. However, the
preceding theory suggests that more significant squeezing could be hiding in the spatial mode structure of the

An inspection of Eq.(20) reveals that the behavior of the
LG modes through the focus in the vapor cell drastically
effects the distribution of squeezing among the modes.
Likewise, the Gouy phase of each mode and the cell position/dimensions effectively determines the squeezing angle of each mode.
After defining the proper squeezing operator, we can
find the variances of the LG quadrature operators:

(a)

1
(âl,p + â†l,p )
2
.
(22)
1
X̂2 l,p = (âl,p − â†l,p )
2i
The calculation is not particularly straightforward, but
the result [29],
1h
(∆X̂1,2 l,p )2 =
cosh2 rl,p + sinh2 rl,p
4
(23)
i,
∓ 2 sinh rl,p cosh rl,p cos θl,p

(b)

X̂1 l,p =

is the familiar textbook result, but written for a particular LG mode [28]. In other words, in this simplified scenario, each mode of squeezing has the statistics of a single
squeezed mode. Furthermore, the photocurrent (difference) variance is a weighted sum of quadrature variances
(some squeezed, some anti-squeezed) of all modes which
overlap the LO [30]. As we have shown previously, only
the modes with l = 0 are relevant to our experiment due
to symmetry and consideration of angular momentum.
Then one can show
X
(∆id )2 ∝
|Op |2 [e−2rp cos2 (Arg Op )
p
(24)
2
2rp
+e sin (Arg Op )],

FIG. 5. Wigner function of (a) the experimentally realized
squeezed state and (b) a hypothetical minimum uncertainty
state with 1.9 dB of squeezing along the X1 quadrature, shown
here in 3D and contour. The simple second quantized theory
predicts the multi-mode structure (Fig. (6)) that results in
the same level of measured squeezing via homodyne detection. The axis labels x and y are proportional to the X1
and X2 quadratures respectively. The Wigner function has
been rescaled by the peak amplitude of the vacuum Wigner
function.
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beam. To facilitate the comparison with the experimental results, we employ the second quantized theory to determine the value of the coupling constant κ in Eq.5 so
that the minimum quadrature noise of the theoretically
calculated output measured via homodyne detection provides 1.9 dB noise suppression in the X1 quadrature, i.e.,
θ/2 = 0. The Wigner function of such a hypothetical
state is plotted in Fig. (5b). The same simple second
quantized theory also gives us the decomposition of this
state into various LG modes: first, we follow the preceding progression using the polarization derived in the
semi-classical section (r.h.s. of Eq. (5)) and the solution Ωy (Eq. (11)) for the y-polarized beam since it is
used as the LO during detection. Then, we re-scale the
coupling constant such that the weighted sum of quadrature variances (Eq. (24)) reproduces the same squeezing
of our hypothetical state. To take care of the scaling,
we first recognize that since θ = 0, Eq. (23) reduces to
(∆X̂1,2 l,p )2 = (1/4)e∓2rp . Furthermore, in the limit of
a strong LO, the photo-current difference variance is
(∆id )2 ∝ 4|ELO |2 (∆X̂(θ))2

where rexp ≈ 0.565R is the experimental squeeze parameter and |ELO |2 = rdrdφ Ω∗LO ΩLO . We solve for γ and
determine the re-scaled LG squeeze parameters rp0 = γ rp
and point out that the squeeze angles θp = Arg(ξp ) remain the same.
TABLE I. Squeezing Parameters for Various Modes

0
1
2
3
4
5

rp0
1.297
0.315
0.149
0.029
0.011
0.010

θp /2
◦

160
113◦
97◦
25◦
171◦
18◦

|Op |

Arg(Op )

0.995
0.091
0.031
0.006
0.004
0.002

71◦
101◦
123◦
76◦
38◦
160◦

(b)

(27)

where X̂(θ) = (1/2)(âe−iθ +â† eiθ ) is the field quadrature
operator at the angle θ. Therefore, combining Eq. (24)
and Eq. (27) for the special case θ = 0, we impose that
the scaling parameter γ satisfy the equation
X
|ELO |2 e−2rexp =
|Op |2 [e−2 γ rp cos2 (Arg Op )
p
(28)
2
2 γ rp
+e
sin (Arg Op )]

p

(a)

Figure (6) shows the Wigner functions for the squeezed
LG modes, which comprise the hypothetical state, the
p = 3 and higher modes are omitted since they show no
appreciable squeezing. Table I summarizes the squeezing parameters and overlap integrals for different modes.
It is important to point out that if only the fundamental mode p = 0 could be isolated, its minimum quadrature noise would have been measured to be more that
11 dB below the shot noise. The p = 1 by itself (if isolated) would have displayed −3 dB of squeezing, but at

(c)

FIG. 6. The Wigner functions for the p = 0 − 2 modes
((a),(b),(c) respectively) which, when measured simultaneously via homodyne detection, recreate the example Wigner
function depicted in (Fig. (5). The p = 3 and greater modes
are omitted since they appear essentially as vacuum modes.
The axis labels x and y are proportional to the X1 and X2
quadratures respectively. The Wigner functions have been
rescaled by the peak amplitude of the vacuum Wigner function.

the different quadrature angle, and the trend continues
for higher modes, quickly approaching a coherent state.
Thus, we find that there is actually much more squeezing available in the individual modes, but in combination
the measurable noise suppression is much worse due to
the fact that the squeezing angles are out of phase. This
deterioration is independent on the atomic excess noise
[18, 19], that is not taken into account in our simple theoretical model and that can further reduce the measured
squeezing value. We hypothesize that the different Gouy
phase for each mode rotates the squeezing angle for that
mode at a different rate.
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VII.

CONCLUSION

ing and the production of squeezed light in higher-order
modes upon demand.

We demonstrated that the PSR squeezer generates a
multi-spatial-mode squeezed field. We developed a semiclassical model, which qualitatively describes our experimental observation. Additionally, we present a simple
second quantization procedure that shows how quadrature noise can be varied between LG spatial modes. Our
results have application to improved single-mode squeez-
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